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NORMAL HOPF SUBALGEBRAS OF SEMISIMPLE
DRINFELD DOUBLES
SEBASTIAN BURCIU
Abstract. A description of all normal Hopf subalgebras of a
semisimple Drinfeld double is given. This is obtained by consid-
ering an analogue of Goursat’s lemma concerning fusion subcate-
gories of Deligne products of two fusion categories. As an applica-
tion we show that the Drinfeld double of any abelian extension is
also an abelian extension.
Introduction and the main results
Let A be a semisimple Hopf algebra and D(A) be its Drinfeld double.
It is well known that the category Rep(D(A)) of finite dimensional
representations of D(A) is a modular tensor category which is braided
equivalent to the Drinfeld center of the fusion category Rep(A) (see
[1] or [11]). From this point of view Drinfeld doubles form a special
class of quasitriangular Hopf algebras that play a very important role
in the classification of semisimple Hopf algebras. Another important
notion in the classification of semisimple Hopf algebras is that of a
normal Hopf subalgebra of a Hopf algebra. For example, the class of
semisolvable Hopf algebras introduced in the paper [18] is constructed
starting from a tower of normal Hopf subalgebras.
In this paper we will give a general description for all normal Hopf
subalgebras of D(A) in terms of normal Hopf subalgebras of A and A∗
and some intermediate group data. In particular we show that if A is
simple as Hopf algebra then all normal Hopf subalgebras of D(A) are
central group subalgebras.
In order to show that the Drinfeld double of an abelian extension
is a group theoretical Hopf algebra in [19, Theorem 1.3] it is shown
that this Drinfeld double is equivalent to an R-twist of the (twisted)
Drinfeld double of a finite group. We show in Theorem 5.4 that the
Drinfeld double of any abelian extension is also an abelian extension.
2000 Mathematics Subject Classification. Primary 16W30, 18D10.
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As another application we obtain a description of all minimal normal
Hopf subalgebras of a semisimple Drinfeld double D(A).
In order to obtain the description mentioned above we make use of
the theory of fusion categories, in particular we apply a highly nontriv-
ial quantum analogue of Goursat’s Lemma for groups. This quantum
analog result first appeared in the unpublished manuscript [7] and it is
presented here in Theorem 2.1.
Using this result, a categorical description for all Hopf subalgebras
of D(A) is presented. This enables us to construct a new class of Hopf
subalgebras ofD(A) in Theorem 3.3. This class is parameterized by two
normal Hopf subalgebras L1, L2 of A and a finite group G with some
additional properties. The corresponding Hopf subalgebra of D(A) is
denoted by B(L1, L2, G). It is shown in Theorem 3.4 that any Hopf
subalgebra of D(A) with normal intersections with A and A∗ is of the
type B(L1, L2, G) mentioned above.
Necessary and sufficient conditions for B(L1, L2, 1) to be a normal
Hopf subalgebra of D(A) are given in Theorem 4.5. Moreover, with
these conditions satisfied it is shown that the quotient Hopf algebra
D(A)//B(L1, L2, 1) is a bicrossed product of the Hopf algebras L
∗cop
1
and A//L2. Along the way we also obtain some other new results con-
cerning Hopf subalgebras of a semisimple Drinfeld double. For example
in Theorem 3.1 it is shown that any Hopf subalgebra of D(A) having
trivial intersections with A and A∗ is a group algebra.
This paper is organized as follows. The first section recalls few ba-
sic results on fusion categories and semisimple Hopf algebras that are
needed through the rest of the paper. Section 2 presents the quantum
analogue of Goursat’s lemma that appeared first in [7]. In the next
section the Hopf subalgebras B(L1, L2, G) of D(A) are constructed.
Section 4 shows that any Hopf subalgebra of D(A) with normal inter-
sections with A and A∗ is of the form B(L1, L2, G). In the last section
some examples and applications of the above results are presented. For
any abelian extension A the Appendix describes the group structures
from Theorem 5.4 that realizes D(A) as an abelian extension.
We work over an algebraic closed field k of characteristic zero. We
use a short version ∆(x) = x1 ⊗ x2 of Sweedler’s notation for comulti-
plication. All the other Hopf algebra notations of this paper are similar
to those used in [17].
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1. Normal fusion subcategories
In this section we recall few basic facts on fusion categories and
normal fusion subcategories from [9] and [7] that are needed through
the rest of the paper.
1.1. General conventions on fusion categories. As usually, by a
fusion category we mean a k-linear semisimple rigid tensor category C
with finitely many isomorphism classes of simple objects, finite dimen-
sional spaces of morphisms, and such that the unit object of C is simple.
We refer the reader to [8] for a general theory of such categories.
Let C be a fusion category and denote by O(C) its set of simple
objects considered up to isomorphism. Recall that the Grothendieck
ring K0(C) of C is the free Z-module generated by the isomorphism
classes of simple objects of C with the multiplication induced by the
tensor product in C. The Grothendieck ring K0(C) is a based unital
ring (see for example [9] for definition of based rings). The isomorphism
classes [X ] of simple objects of C form a Z-basis for K0(C).
Let L[X] be the linear operator given by left multiplication by [X ]
in the based ring K0(C). Then the Frobenius-Perron dimensions of an
object X ∈ C is defined as the largest positive eigenvalue (Frobenius-
Perron eigenvalue) of the matrix associated to L[X] with respect to the
linear basis given by O(C) of K0(C). This eigenvalue is usually denoted
by FPdim(X).
A fusion subcategory D of a fusion category C is a full abelian replete
subcategory D of C which is closed under the tensor product.
1.2. Pointed fusion categories. A fusion category C is called pointed
if any simple object of C is invertible. It is well known that pointed
fusion categories are of the form VecωG for a finite group G and some
three cocycle ω ∈ H3(G, k∗). Moreover the category of representa-
tions Rep(H) of a semisimple Hopf algebra is pointed if and only H
is commutative, i.e H = kG∗ as Hopf algebra. In this case one has
Rep(H) = VecG, i.e. ω = 1.
1.3. Universal gradings offusion categories. Let C be a fusion
category. A grading of a fusion category C by a group G (or a G-
grading) is a map deg : O(C) → G with the following property: for
any simple objects X, Y, Z ∈ C such that X ⊗ Y contains Z one
has deg(Z) = deg(X)deg(Y ) . This corresponds to a decomposition
C = ⊕g∈GCg, where Cg ⊂ C is the full additive subcategory generated
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by the simple objects of C with degree g. The abelian subcategory C1 is
a fusion subcategory of C, called the trivial component of the grading.
Recall that a G-grading is said to be trivial if C1 = C. It is also said
to be faithful if the map deg : O(C) → G is surjective. For any fusion
category C, as explained in [9, Sect. 3.2], there is a notion of universal
grading whose grading group is called the universal grading group of C
and it is denoted by U
C
. Then the trivial component of the universal
grading is the fusion subcategory C
ad
. Recall that C
ad
is defined as the
smallest fusion subcategory of C containing all X ⊗X∗ for each simple
object X ∈ O(C) of C. The universality of this grading consists in the
fact that any other grading factors through the universal grading.
The following Lemma appears in [7] and it will be needed in the
proof of Theorem 2.1.
Lemma 1.1. Let C be a fusion category and
C = ⊕g∈U
C
Cg
be its universal grading. There is a one-to-one correspondence between
fusion subcategories D ⊂ C containing C
ad
and subgroups G ⊂ UC,
namely
D 7→ G
D
:= {g ∈ UC|D ∩ Cg 6= 0}
and
G 7→ DG := ⊕g∈G Cg.
1.4. Few more results on normal fusion categories.
1.5. The commutator subcategory of a fusion category. Recall
the notion of commutator subcategory from [9]. If D is a fusion sub-
category of C then Dco is the full abelian subcategory of C generated
by those objects X such that X ⊗X∗ ∈ D. If K0(C) is a commutative
ring then it is shown in [9] that Dco is a fusion subcategory of C. In
general the result is not true.
1.6. Definition of a normal fusion subcategory. The following
notion of a normal tensor functor was introduced in [3]. If C and E
are fusion categories then a tensor functor F : C → E is normal if the
following property is satisfied: if mC(1C, F (X)) > 0 for some simple
object X ∈ Irr(C) then F (X) = FPdim(X)1C. Recall the multiplicity
form mC defined on K0(C) by mC([X ], [Y ]) = δ[X],[Y ] for any two simple
objects X, Y ∈ O(C).
The fusion subcategory of C generated by all objects X ∈ C with
F (X) = FPdim(X)1C is called the kernel of F and denoted by kerC F .
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Recall from [3] that a fusion subcategory D ⊂ C is called normal if
there is a normal tensor functor F : C→ E such that D = kerC F .
Remark 1.2. It is easy to check that if D is a normal fusion subcat-
egory of C then D ∩ C1 is a normal fusion subcategory of C1 for any
fusion subcategory C1 of C.
1.7. On the commutator and the radical of a fusion subcat-
egory. In this subsection we recall few notions and results from [2]
that will be used in this paper. For a fusion subcategory D of a fusion
category C define its radical as
(1.1) radC(D) = {X ∈ O(C) | X
⊗n ∈ D for some n ≥ 1}
If K0(C) is commutative then clearly radC(D) is a fusion subcategory.
Note that for any fusion category D one has Dco ⊆ radC(D) since
X∗ always appear as a constituent of a tensor power of X (see also [20,
Remark 3.2]). In [2] it is shown that for a normal fusion subcategory
D the above radical and the commutator coincide.
For a fusion category C denote by Inv(C), the set of all invertible
objects (up to isomorphism) of C. Suppose that D is a normal fusion
subcategory of C fitting into an exact sequence
(1.2) D→ C
F
−→ E
of fusion categories. Then by [2, Proposition 5.3] it follows that Dco is
a fusion subcategory of C and one has that
(1.3)
D
co = radC(D) = {X ∈ C | F (X) = FPdim(X)M,M ∈ Inv(E) }.
Example 1.3. Let L be a normal Hopf subalgebra of A. Then the
commutator ideal [A,L] is a Hopf ideal of A and it is shown in [6,
Theorem 2.2] that
(1.4) Rep(A//L)co = Rep(A/[A,L]).
The following Corollary is well known. For the sake of completeness
we include a sketch proof below.
Corollary 1.4. Any group extension of Vec is a pointed fusion cate-
gory.
Proof. Let C = ⊕g∈GCg with the trivial component C1 = Vec. By
[2, Proposition 5.4] it follows that Cg has up to isomorphism just one
simple object Xg which is also invertible. 
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Remark 1.5. Note that if C = ⊕g∈GCg is a graded fusion category then
Cco1 = radC(C1) = C. Indeed any simple object X ∈ Cg satisfies that
X⊗ n ∈ Cgn = C1 if n is the order of G. This shows that radC(C1) = C.
On the other hand since X∗ ∈ Cg−1 it follows that X ⊗ X
∗ ∈ C1 and
therefore Cco1 = C.
Remark 1.6. The previous Proposition also shows that Dco = C.
Note that in the case of the universal grading of C = Rep(A) one
has the above situation since C1 = Rep(A//K(A)) is a normal fusion
subcategory of Rep(A).
1.8. Normal Hopf subalgebras and normal fusion subcategories
of Rep(A). Let A be a finite dimensional semisimple Hopf algebra over
C. Then A is also cosemisimple [13]. The character ring C(A) of A
is a semisimple subalgebra of A∗ [25] and it has a vector space ba-
sis given by the set Irr(A) of irreducible characters of A. Moreover,
C(A) = Cocom(A∗), the space of cocommutative elements of A∗. By
duality, the character ring of A∗ is a semisimple subalgebra of A and
C(A∗) = Cocom(A). If M is an A-representation with character χ
then M∗ is also an A-representation with character χ∗ = χ ◦ S. This
induces an involution “ ∗ ” : C(A)→ C(A) on C(A). Let m
A
(χ, µ) be
the multiplicity form on C(A). We use the notation G(A) for the set
of grouplike elements of A.
It is well known that Rep(A) is a fusion category. Moreover there is
a maximal central Hopf subalgebra K(A) of A such that Rep(A)
ad
=
Rep(A//K(A)), see [9]. Since K(A) is commutative it follows that
K(A) = k[U
A
]∗ where U
A
is the universal grading group of Rep(A).
Example 1.7. If A = kG then K(A) = kZ(G) and U
A
= Ẑ(G), the
linear dual group of the center Z(G) of G.
Let D be a fusion subcategory of Rep(A) and O(D) be its set of
simple objects. Then I
D
:= ∩V ∈O(D)AnnA(V ) is a Hopf ideal in A
[22] and D = Rep(A/I
D
). For a fusion category D ⊂ Rep(A) define
its regular character as r
D
:=
∑
X∈O(D) dimk(X)χX where Irr(D) is
the set of irreducible objects of D and χX is the character of X as
A-representation. Thus r
D
∈ C(A).
Remark 1.8. Let A be a finite dimensional semisimple Hopf algebra
and D be a fusion subcategory of Rep(A). Then [15, Lemma 1] implies
that D = Rep(A//L), for some normal Hopf subalgebra L of A if and
only if the regular character r
D
of D is central in A∗.
Definition 1.9. Let L be a normal Hopf subalgebra of A. An ir-
reducible character α of L is called A-stable if there is a character
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χ ∈ Rep(A) such that χ ↓
A
L
= χ(1)
α(1)
α. Such a character χ ∈ Irr(A) is
said to seat over the character α ∈ Irr(L).
The set of all irreducible A-characters seating over α is denoted by
Irr(A|α). Denote by G
st
A(L) the set of all A-stable linear characters of
L. Clearly GstA(L) is a subgroup of the group of grouplike elements
G(L∗) of the dual Hopf algebra of L.
Proposition 4.5 and Example 1.3 imply the following:
Lemma 1.10. Let A be a semisimple Hopf algebra and L be a normal
Hopf subalgebra of A. Suppose that M is an irreducible A-module
affording the character χ. Then M ∈ O(Rep(A//L)co) if and only if
L acts trivially on some tensor power M⊗ n of M . In these conditions
χ ↓
A
L
= χ(1)ψ for some A-stable linear character ψ of L.
Proof. Since Rep(A//L) is a normal fusion subcategory of Rep(A) one
has that (Rep(A//L)co) = rad(Rep(A//L)). This shows that M ∈
O(Rep(A//L)co) if and only if L acts trivially on some tensor power
M⊗ n of M . If M ∈ rad(Rep(A//L)) then [2, Proposition 5.3] implies
that χ ↓
A
L
= χ(1)ψ for some A-stable linear character ψ of L. If M ∈
rad(Rep(A//L)) then by Equation (1.3) for the functor F = resAL it
follows that χ ↓
A
L
= χ(1)ψ for some A-stable linear character ψ of L. 
For any character χ of A denote by Irr(χ) the set of all irreducible
constituents of χ. For C ⊂ Rep(A) we denote by Cχ the full abelian
subcategory of Rep(A) generated by all the objects aχ with a ∈ O(C).
Proposition 1.11. Suppose A is a semisimple Hopf algebra and L is
a normal Hopf subalgebra. Moreover suppose that there is a fusion
subcategory C ⊂ Rep(A) with a faithful G-grading C = ⊕g∈GCg whose
trivial component is Rep(A//L). Then for any χ ∈ Cg one has that
χ ↓
A
L
= χ(1)ψg for some A-stable linear character ψg of L. Moreover
the set O(Cg) = Irr(A|ψg) and it can be described as
Cg = C1χ = Irr(ψg ↑
A
L
).
Proof. By Remark 1.5 it follows that χ ∈ Rep(A//L)co. Therefore by
Lemma 1.10 one has χ ↓
A
L
= χ(1)ψg for some A-stable linear charac-
ter ψg of L. On the other hand C1 = Rep(A//L) is a normal fusion
subcategory of C and it follows by [2, Proposition 5.4] Cg = C1χ. The
equality C1χ = Irr(ψg ↑
A
L
) follows then by Frobenius reciprocity. 
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2. Fusion subcategories of a Deligne direct products of
categories
Let C1 and C2 be two fusion categories and form the Deligne product
C := C1 ⊠ C2 . Identify C1 and C2 to C1 ⊠ 1 and 1⊠ C2 respectively as
fusion subcategories of C. Recall that every simple object of C is of the
type X1 ⊠X2 where Xi is a simple object of Ci.
Let D ⊂ C be any fusion subcategory. Define Li(D) := D∩ Ci, with
i = 1, 2. Let also K1(D) be the fusion subcategory generated by all
simple objects X1 of C1 such that X1⊠X2 ∈ D for some simple object
X2 of C2. Similarly define the fusion subcategory K
2(D). Clearly
L1(D) ⊠ L2(D) ⊂ D ⊂ K1(D) ⊠ K1(D). The following Theorem is
an analogue of Goursat’s Lemma for direct product of groups and it
appears in [7]. For the sake of completeness we include its proof below.
Theorem 2.1. Let D ⊂ C1⊠C2 be a fusion subcategory. Then there is
a finite group G and faithful G-gradings Ki(D) =
⊕
x∈GK
i(D)x with
trivial components Li(D), i = 1, 2 such that
(2.1) D =
⊕
x∈G
K
1(D)x ⊠K
2(D)x.
Proof. First we will show that
(2.2) D ⊃ K1(D)
ad
⊠K
2(D)
ad
= (K1(D)⊠K2(D))
ad
,
where as above Ki(D)
ad
denotes the adjoint subcategory of Ki(D).
Note that if X1 ⊠X2 ∈ O(D) then (X1 ⊗X
∗
1 )⊠ (X2 ⊗X
∗
2 ) ∈∈ O(D).
Since Xi ⊗ X
∗
i contains the unit object of Ci it follows that (X1 ⊗
X∗1 ) ⊠ 1 ∈ D and 1 ⊠ (X2 ⊗ X
∗
2 ) ∈ D. Therefore K
i(D)
ad
⊂ Li(D)
for i=1,2. Since L1(D) ⊠ L2(D) ⊂ D, it follows that above inclusion
implies Equation (2.2). Now let U
Ki(D)
be the universal grading group
ofKi(D). Lemma 1.1 applied to the inclusion Equation (2.2) gives that
D =
⊕
γ∈Γ
(K1(D)⊠K2(D))γ
for some subgroup Γ ∈ U
K1(D)⊠K
2(D)
= U
K1(D)
× U
K2(D)
. On the other
hand it follows from the definition of Ki(D) that the maps Γ→ U
K1(D)
and Γ → U
K2(D)
are surjective. Then Goursat’s Lemma for groups
(see [24]) implies that Γ equals the fiber product U
K1(D)
×
G
U
K2(D)
for
some group G equipped with group epimorphisms U
Ki(D)
→ G, i = 1, 2.
Then these epimorphisms define faithful G-gradings of Ki(D) such that
Equation (2.1) holds. In this case note that Li(D) := D ∩ Ci equals
the trivial component of the G-grading of Ki(D) for all 1 ≤ i ≤ 2. 
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Remark 2.2. By Remark (1.5) it follows that in this situation
rad(Li(D)) ⊇ Li(D)co ⊇ Ki(D)
for all 1 ≤ i ≤ 2.
Proposition 2.3. Let D be any fusion subcategory of C1 ⊠ C2. Then
(2.3) Dco = L1(D)
co
⊠ L2(D)
co
and
(2.4) rad(D) = rad(L1(D))⊠ rad(L2(D))
Proof. Suppose that X ⊠ Y ∈ Dco. Then (X ⊗ X∗) ⊠ (Y ⊗ Y ∗) ∈ D
and therefore X ⊗ X∗ ∈ L1(D) since 1C2 is a constituent of Y ⊗ Y
∗.
Similarly Y ⊗ Y ∗ ∈ L2(D). Thus D
co ⊂ L1(D)
co
⊠ L2(D)
co. On the
other hand, clearly L1(D)
co
⊠ L2(D)
co ⊂ Dco.
Suppose now that X ⊠ Y ∈ rad(D). Then Xn ⊠ Y n ∈ D for some
n ≥ 1. As in [20, Remark 3.2] there is m ≥ 1 such that Y mn = (Y n)m
contains the unit element of C2. This implies that X
mn ∈ L1(D) and
therefore X ∈ rad(L1(D)). Similarly Y ∈ rad(L2(D)) which shows
that rad(D) ⊃ rad(L1(D)) ⊠ rad(L2(D)). The other inclusion is im-
mediate. 
Theorem 2.4. Any fusion subcategory of C1⊠C2 with trivial intersec-
tions with C1 and C2 is pointed.
Proof. With the above notations it follows that L1(D) = Vec and
L2(D) = Vec. Thus Ki(D) are group extensions of Vec and by Corol-
lary 1.4 they are pointed fusion subcategories. It follows that D is also
a pointed fusion category. 
2.1. Normal fusion subcategories of a Deligne tensor product.
Suppose now that D is a normal fusion subcategory of C := C1 ⊠ C2.
Applying Theorem 2.1 one obtains
(2.5) D = ⊕x∈GK
1(D)x ⊠K
2(D)x
where Ki(D) are faithful graded fusion subcategories
(2.6) Ki(D) = ⊕x∈XK
i(D)x.
Moreover by Remark (1.2) one has that Li(D) are normal fusion sub-
categories of Ci and rad(Li(D)) = Li(D)co ⊇ Ki(D) for all 1 ≤ i ≤ 2.
Remark 2.5. Since Li(D) is a normal fusion subcategory of Ki(D) it
follows by [2, Proposition 5.4] that Ki(D)x = L
i(D)aix for any simple
object with aix ∈ K
i(D)x.
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3. Hopf subalgebras of semisimple Drinfeld doubles
Recall that the Drinfeld double D(A) of a Hopf algebra A is defined
by D(A) ∼= A∗cop ⊗A as coalgebras with the multiplication given by
(3.1) (g ⊲⊳ h)(f ⊲⊳ l) =
∑
g(h1 ⇀ f ↼ S
−1h3) ⊲⊳ h2l,
for all h, l ∈ A and f, g ∈ A∗. Moreover its antipode is given by
S(f ⊲⊳ h) = S−1(h)S(f). It is well known that D(A) is a semisimple
Hopf algebra if and only if A is a semisimple Hopf algebra [17]. It is
also known that D(A) is a cocycle twist of A∗cop ⊗ A and therefore
Rep(D(A)∗) = Rep(A)rev ⊠ Rep(A∗) where Rep(A)rev := Rep(Aop).
3.1. On Hopf subalgebras of Drinfeld doubles D(A). If H is a
Hopf subalgebra of D(A) then clearly one has the following inclusion
Rep(H∗) ⊂ Rep(D(A)∗) = Rep(A)rev ⊠ Rep(A∗).
Let C1 := Rep(A)
rev, C2 := Rep(A
∗) and D := Rep(H∗). Theorem 2.1
implies that Rep(H∗) =
⊕
x∈GK
1(D)x⊠K
2(D)x. Moreover one has the
inclusions K1(D)
ad
⊂ L1(D) ⊂ K1(D) ⊂ Rep(A)rev, and K2(D)
ad
⊂
L2(D) ⊂ K2(D) ⊂ Rep(A∗) with the faithful G-gradings Ki(D) =⊕
x∈G(K
i(D))x. Note that in this situation K
i(D)1 = L
i(D) for all
i = 1, 2. Also one can write L1(D) = Rep(M∗1 )
rev where M1 := H ∩A
∗
is a Hopf subalgebra of A∗. Similarly L2(D) = Rep(M∗2 ) where M2 :=
H ∩ A is a Hopf subalgebra of A.
Theorem 3.1. Any Hopf subalgebra of D(A) with trivial intersections
with A and A∗ is a group algebra.
Proof. Let H be a such Hopf subalgebra of D(A). It follows that
Rep(H∗) regarded as above, as a fusion subcategory of Rep(A)rev ⊠
Rep(A∗), has trivial intersections with both Rep(A)rev and Rep(A∗).
Then Theorem (2.4) implies that Rep(H∗) is pointed. Thus H∗ = kG∗
and H = kG. 
For any right A-comodule M with comodule structure ρ : M → A⊗
M denote by CM the coalgebra of coefficients of M . Recall that CM is
the smallest subcoalgebra C ⊂ A with the property that ρ(M) ⊂ C⊗M
[12]. If d ∈ C(A∗) is the character of M as an A-comodule then CM is
also denoted by Cd.
By duality any left A-module V with associated character χ ∈ C(A)
can be regarded as a right A∗-module and one can associate to it as
above its subcoalgebra of coefficients Cχ ⊂ A
∗.
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Recall from [21] that a subset X ⊂ Irr(H∗) is closed under multipli-
cation if for every two elements c, d ∈ X in the decomposition of the
product cd =
∑
e∈Irr(H∗)m
e
c,de one has e ∈ X whenever me 6= 0. Also a
subset X ⊂ Irr(H∗) is closed under “ ∗ ” if x∗ ∈ X for all x ∈ X .
Remark 3.2. Following [21, Theorem 6] it follows that any subset
X ⊂ Irr(H∗) closed under multiplication and “ ∗ ” generates a Hopf
subalgebra H(X) of H defined by
(3.2) H(X) := ⊕x∈XCx.
3.2. On a class of Hopf subalgebras of D(A). Suppose that L1 and
L2 are two normal Hopf subalgebras of A and let G be a finite group
that can be simultaneously embedded in GstA(L1) and G
st
A∗((A//L2)
∗)
via the emebddings ψ1 : G →֒ G
st
A(L1) and respectively ψ2 : G →֒
GstA∗((A//L2)
∗). Let B(L1, L2, G) be the subcoalgebra of D(A) defined
by
(3.3) B(L1, L2, G) =
⊕
x∈G
Cψ1(x)↑A
L1
⊲⊳ C
ψ2(x)↑
A∗
(A//L2)
∗
.
Proposition 3.3. Suppose that L1 and L2 are two normal Hopf sub-
algebras of A and let G be a finite group as above. Then B(L1, L2, G)
is a Hopf subalgebra of D(A).
Proof. By Remark (3.2) it is enough to show that the irreducible co-
module characters of B(L1, L2, G) form a set closed under tensor prod-
uct and duality. Note that an irreducible comodule character of the
Hopf subalgebra B(L1, L2, G) is of the type χ ⊲⊳ d with χ ∈ Irr(A)
seating over ψ1(x) (i.e. χ ∈ Irr(A|ψ1(x))) and d ∈ Irr(A
∗) seating over
ψ2(x) (i.e. d ∈ Irr(A
∗|ψ2(x))), for some x ∈ G. Suppose moreover that
χ′ ∈ Irr(A) seats over ψ1(y) and d
′ ∈ Irr(A∗) seats over ψ2(y) for some
other y ∈ G. It follows that for the product in Rep(D(A)∗)
(3.4) (χ ⊲⊳ d)(χ′ ⊲⊳ d′) = χχ′ ⊲⊳ dd′
the irreducible constituents of χχ′ are all seating over ψ1(xy) and the
irreducible constituents of dd′ are all seating over ψ2(xy). This shows
that the above set is closed under product. Moreover the set is closed
under duality since χ∗ ∈ Irr(A|ψ1(x−1)) and d
∗ ∈ Irr(A∗|ψ2(x−1)). 
Note that one has
(3.5) B(L1, L2, G) ∩ A = L2 and B(L1, L2, G) ∩ A
∗ = (A//L1)
∗.
If G = 1 then ψ1 and ψ2 are trivial and we denote the Hopf subalge-
bra B(L1, L2, {1}) simply by B(L1, L2).
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3.3. Hopf subalgebras of D(A) with normal intersections with
A and A∗.
Theorem 3.4. Let A be a semisimple Hopf algebra. Then any Hopf
subalgebra H of D(A) with normal intersections with A and A∗ is of
the form B(L1, L2, G) defined above.
Proof. Let D := Rep(H∗) ⊂ Rep(A)rev ⊠ Rep(A∗). Using the no-
tations from subsection (3.1) it follows that L1(D) and L2(D) are
normal fusion subcategories of Rep(A)rev and respectively Rep(A∗).
Therefore using Remark 1.8 it follows that M1 is a normal Hopf sub-
algebra of A∗ and one may suppose that M1 := (A//L1)
∗ for some
normal Hopf subalgebra L1 of A. Thus L
1(D) = Rep(A//L1)
rev. Sim-
ilarly L2(D) = Rep(L∗2) for some normal Hopf subalgebras L1, L2 of
A. Suppose that η ⊲⊳ d ∈ K1(D)x ⊠ K
2(D)x ⊂ D for a given x ∈ G.
Then Lemma 1.11 implies that η ↓A
L1
= η(1)fx for some A-stable linear
character fx of L1. This shows that G can be regarded as a subgroup
of GstA(L1) via the map ψ1 given by x 7→ fx. By duality, the same
argument applied for K2(D)x gives that d ↓
A∗
(A//L2)
∗
= ǫ(d)gx for some
A∗-stable linear character gx of (A//L2)
∗. Therefore G can also be
identified with a subgroup of GstA∗((A//L2)
∗) via the map ψ2 given by
x 7→ gx. Moreover by the same Proposition 1.11 the set of simple ob-
jects of K1(D)x can be identified with the set of irreducible modules
of ψ1(x) ↑
A
L1
. A similar result holds for K2(D)x and the proof of the
Theorem is complete. 
Corollary 3.5. With the notations from Theorem 3.4 it follows that
Rep(H∗) ⊂ Rep(A//L1)
co
⊠ Rep(L∗2)
co
Proof. It follows directly for above by applying Remark 1.10. 
4. Normal Hopf subalgebras of Drinfeld doubles D(A)
In this section we give the description for all normal Hopf subalgebras
of Drinfeld doubles D(A).
4.1. Commutativity between L1 and L2. We need the following
lemma:
Lemma 4.1. Suppose that K is a Hopf subalgebra of H and x ∈ H .
Then Sm2xm1 = ǫ(m)x for all m ∈ K if and only if mx = xm for all
m ∈ K.
Proof. One has that xm = m1S(m2)xm3 = m1ǫ(m2)x = mx. The
converse also follows since Sm2xm1 = Sm2m1x = ǫ(m)x. 
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Remark 4.2. Suppose that K is a normal Hopf subalgebra of a Hopf
algebra H and let A = H//K be the quotient Hopf algebra of H via
πK : H → H//K. Then since π
∗ : A∗ → H∗ is an injective Hopf
algebra map it follows that π∗(A∗) is a Hopf subalgebra of H∗. Under
this identification it can be checked that
(4.1) π∗(A∗) = {f ∈ H∗|f(hm) = f(h)ǫ(m) ; h ∈ H, m ∈ K}
is the set of linear functionals invariant under left (right)K-translations.
For two Hopf subalgebras L1, L2 of A denote as usually by [L1, L2]
the commutator ideal generated by ab − ba with a ∈ L1 and b ∈ L2.
Note that two Hopf subalgebras L1 and L2 of A commute elementwise
if and only if [L1, L2] = 0.
Let K be a Hopf subalgebra of A and ΛK ∈ A be its idempotent
integral. Then it is well known (see [4]) that the induced representation
A⊗K k is isomorphic to AΛK via the map a⊗K 1 7→ aΛK .
Note that if K is a normal Hopf subalgebra of A then ΛK is a central
element of A by [15, Lemma 1]. Then K acts trivially on the induced
module A ⊗K k. Indeed, since the induced module is isomorphic to
AΛK one has that maΛK = mΛKa = ǫ(m)aΛK for all m ∈ K and
a ∈ A. Corrolary 2.5 of [4] shows that K is a normal Hopf subalgebra
of A if and only if K acts trivially on the induced module A⊗K k
Theorem 4.3. Let A be a semisimple Hopf algebra and L1, L2 be two
normal Hopf subalgebras of A. With the above notations if B(L1, L2, G)
is a normal Hopf subalgebra of D(A) then one has [L1, L2] = 0 and
[(A//L1)
∗, (A//L2)
∗] = 0
Proof. Let K := B(L1, L2, G). If K is a normal Hopf subalgebra of
D(A) then as above one has m((f ⊲⊳ b) ⊗K 1) = ǫ(m)((f ⊲⊳ b) ⊗K 1)
for all m ∈ K and any f ∈ A∗, b ∈ A. In particular if m ∈ L2 then one
has
m((f ⊲⊳ b)⊗K 1) = f1(Sm3)f3(m1)f2 ⊲⊳ m2b⊗K 1
= f1(Sm3)f3(m1)f2 ⊲⊳ b1(Sb2m2b3)⊗K 1
= f1(Sm3)f3(m1)f2 ⊲⊳ b1 ⊗K (Sb2m2b3)1
= f1(Sm2)f3(m1)f2 ⊲⊳ b⊗K 1
This implies that f1(Sm2)f3(m1)f2 ⊲⊳ b⊗K 1 = ǫ(m)f ⊲⊳ b⊗K 1 and
the previous remark gives that
(4.2) (f1(Sm2)f3(m1)f2 ⊲⊳ b)ΛK = ǫ(m)(f ⊲⊳ b)ΛK
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Note that
ΛK =
∑
x∈G
ψ1(x) ↑
A
L1
⊲⊳ ψ2(x) ↑
A∗
(A//L2)∗
for all f ∈ A∗ and b ∈ A.
Since for x 6= y one has that Cψ2(x)↑A∗(A//L2)∗
∩Cψ2(y)↑A∗(A//L2)∗
= 0 there is
a functional g ∈ A∗ such that g = ǫ on the coalgebra L2 = Cψ2(1)↑A∗(A//L2)∗
and g is zero on all the other coalgebras Cψ2(x)↑A∗(A//L2)∗
with x 6= 1.
Then put b = 1 in Equation (4.2) and apply id⊗ g on both therms.
One obtains that f1(Sm2)f3(m1)f2tA//L1 = ǫ(m)ftA//L1 for all f ∈ A
∗.
Evaluating both sides of the above equality at any l ∈ L1 it follows
that Sm2lm1 = ǫ(l)m since t(A//L1)(l) = ǫ(l). Then Lemma 4.1 shows
that lm = ml for all m ∈ L2 and any l ∈ L1. Thus L1 and L2 commute
elementwise.
It is known that D(A) ∼= D(A∗ op cop)op as Hopf algebras via f ⊲⊳ a 7→
a ⊲⊳ f (see for instance [23, Theorem 3]). Note that under the above
isomorphism one has that B(L1, L2, G) = B((A//L2)
∗, (A//L1)
∗, G) as
a Hopf subalgebra of D(A∗ op cop). Indeed note that (A//L1)
∗ ⊲⊳ L2 =
(A∗//(A//L2)
∗)∗ ⊲⊳ (A//L1)
∗ inside D(A∗ op cop).
Then the above argument of this proof applied to A∗ op cop implies
that B((A//L2)
∗, (A//L1)
∗, G) is closed under the left adjoint action
of A∗ if and only if [(A//L2)
∗, (A//L1)
∗] = 0. 
4.2. Normal Hopf subalgebras of type B(K,L). One more pre-
liminary lemma is needed.
Lemma 4.4. Let K be a normal Hopf subalgebra of a semisimple
Hopf algebra A. Then m(g(a2)Sa3a1) = (g(a2)Sa3a1)m for all m ∈ K,
g ∈ (A//M)∗ and any a ∈ A.
Proof. Since (A//K)∗ is a normal Hopf subalgebra of A∗ it follows that
Sf1gf2 ∈ (A//K)
∗ for all f ∈ A∗. Equation (4.1) implies
< Sf1gf2, am >= ǫ(m) < Sf1gf2, a >
for all a ∈ A and allm ∈ K. It is easy to see that the above equality can
be written as f(Sm1Sa1g(a2m2)a3m3) = ǫ(m)f(Sa1g(a2)a3). Since f
was chosen arbitrary and g ∈ (A//K)∗ it follows that
Sm1(Sa1g(a2)a3)m2 = ǫ(m)(Sa1g(a2)a3)
for all a ∈ A and all m ∈ K. Applying previous lemma it follows that
m(Sa1g(a2)a3) = m(Sa1g(a2)a3)
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for all a ∈ A and any m ∈ K. Now the result follows by passing to
Kcop ⊂ Acop as a normal Hopf subalgebra. 
For a trivial group, denote the Hopf subalgebra B(K,L, 1) by B(K,L).
We now can prove the following theorem:
Theorem 4.5. If K and L are normal Hopf subalgebras of A then
B(K,L) is a normal Hopf subalgebra of D(A) if and only if [K, L] = 0
and [(A//K)∗, (A//L)∗] = 0.
Proof. Note that B(K,L) := (A//K)∗cop ⊲⊳ L. If B(K,L) is a normal
Hopf subalgebra of D(A) then by Theorem 4.3 it follows that the two
commutator ideals vanish.
Conversely, suppose that [K, L] = 0 and [(A//K)∗, (A//L)∗] = 0.
It will be shown first that if [K, L] = 0 then the Hopf subalgebra
B(K,L) is closed under the adjoint action of A∗cop regarded as a Hopf
subalgebra of D(A). Note that under the adjoint action of A∗cop one
has that
f.(g ⊲⊳ l) = f2(g ⊲⊳ l)Sf1 = f2g(l1 ⇀ Sf1 ↼ Sl3) ⊲⊳ l2,
for all f ∈ A∗cop, g ∈ (A//K)∗cop and l ∈ L.
Thus in order to show that f.(g ⊲⊳ l) ∈ B(K,L) it is enough to show
that f2g(a ⇀ Sf1 ↼ b) ∈ (A//K)
∗ for all a, b ∈ L.
By Equation (4.1) f2g(a ⇀ Sf1 ↼ b) ∈ (A//K)
∗cop if and only if
< f2g(a ⇀ Sf1 ↼ b), cm >= ǫ(m) < f2g(a ⇀ Sf1 ↼ b), c >
for all f ∈ A∗cop, g ∈ (A//K)∗cop, c ∈ A and m ∈ K. Thus one has to
show that:
< f, SaSm3Sc3Sbc1m1g(c2m2) >= ǫ(m) < f, SaSc3Sbc1g(c2) >
for all f ∈ A∗, g ∈ (A//K)∗cop, c ∈ A, a, b ∈ L and m ∈ K. Since
f ∈ A∗ is arbitrary this is equivalent to SaSm3Sc3Sbc1m1g(c2m2) =
ǫ(m)SaSc3Sbc1g(c2). Therefore it is enough to show that
(4.3) Sm3Sc3Sbc1m1g(c2m2) = ǫ(m)Sc3Sbc1g(c2)
for all g ∈ (A//K)∗cop, c ∈ A, b ∈ L and m ∈ K. On the other hand
since g ∈ (A//K)∗cop the above equation can also be written as
(4.4) Sm2[Sc3Sbc1g(c2)]m1 = ǫ(m)[Sc3Sbc1g(c2)]
for all g ∈ (A//K)∗cop, c ∈ A, b ∈ L and m ∈ K. Thus applying
Lemma 4.1 for x = Sc3Sbc1g(c2) the above equation is equivalent to
m[Sc3Sbc1g(c2)] = [Sc3Sbc1g(c2)]m for all a ∈ A and x, y ∈ L.
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On the other hand note that applying Lemma (4.4) one has
m[Sc3Sbc1g(c2)] = m[(Sc5Sbc4)(Sc3g(c2)c1)]
= [(Sc5Sbc4)m(Sc3g(c2)c1)]
= Sy(Sa5xa4)k(Sa3g(a2)a1)
= [Sc3Sbc1g(c2)]m
which shows that Equation (4.4) is satisfied.
One has D(A) ∼= D(A∗ op cop)op as Hopf algebras via f ⊲⊳ a 7→
a ⊲⊳ f by [23, Theorem 3]. Then as in the proof of the previous
Theorem, it follows by the same argument applied to A∗ op cop that
(A//K)∗ ⊲⊳ L is closed under the adjoint action of A if and only if
[(A//K)∗, (A//L)∗] = 0. 
Corollary 4.6. With the above notations suppose that B(L1, L2, G)
is a normal Hopf subalgebra of D(A). Then B(L1, L2) is also a normal
Hopf subalgebra of D(A).
Proof. It follows by Theorem 4.5 that the above conditions are satisfied.

4.3. Bicrossed product of Hopf algebras. Recall the notion of bi-
crossed product of two Hopf algebras. Let H be a Hopf algebra and
A,L be two Hopf subalgebras of H . We say that (A,L) is a factoriza-
tion of H if the multiplication map m : A⊗ L→ H is bijective. Note
that in this case A ∩ L = k and by [14, Theorem 2.7.3] it follows that
H is a bicrossed product Hopf algebra of A and L. It is also known
that D(A) is a bicrossed product of A∗cop and A, see e.g. [14].
Proposition 4.7. Let A be a semisimple Hopf algebra andB(L1, L2) a
normal Hopf subalgebra ofD(A). ThenD(A)//B(L1, L2) is a bicrossed
product of L∗cop1 and A//L2.
Proof. Denote D(L1, L2) := D(A)//B(L1, L2). Since B(L1, L2) =
(A//L1)
∗cop ⊲⊳ L2 one clealry has the following inclusions of Hopf ideals
D(A)B(L1, L2)
+ ⊃ AL+2 and D(A)B(L1, L2)
+ ⊃ A∗cop(A//L1)
∗cop +.
These inclusion determine the following Hopf algebra emebddings:
A//L2 →֒ D(L1, L2) and L
∗cop
1 := A
∗cop//(A//L1)
∗cop →֒ D(L1, L2).
Moreover, the multiplication map L∗cop1 ⊲⊳ A//L2 → D(L1, L2) given
by f⊗a 7→ (f ⊲⊳ a) is clearly surjective. A dimension argument implies
that this map is bijective and therefore D(L1, L2) is a bicrossed product
of L∗cop1 and A//L2. 
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5. Examples and applications
In this section we give some general examples of normal Hopf sub-
algebras of D(A) together with some applications. Recall that a Hopf
algebra A is called simple if there are no proper normal Hopf subalge-
bras of A.
Example 5.1. Let A be a semisimple Hopf algebra and K(A) its max-
imal central Hopf subalgebra. Then K(A) is a normal Hopf subalgebra
of D(A). Indeed in this case one has that K(A) = B(A,K(A)) and
the conditions of the above theorem are satisfied.
Example 5.2. Let A be a semisimple Hopf algebra. Then for any
central Hopf subalgebra L ⊂ K(A) it follows that (A//L)∗ ⊲⊳ A is
a normal Hopf subalgebra of D(A). Indeed in this case one has that
(A//L)∗ ⊲⊳ A = B(L,A) and the conditions of the above theorem are
satisfied.
5.1. Drinfeld doubles of abelian extensions.
Lemma 5.3. Suppose that K is a normal commutative Hopf subalge-
bra of a semisimple Hopf algebra A. Then B(K,K) is a commutative
Hopf subalgebra of D(A).
Proof. One has to show that mf = f ⊲⊳ m for all m ∈ K and any
f ∈ (A//K)∗. Note that using Equation (4.1) one has mf = (Sm3 ⇀
f ↼ m1) ⊲⊳ m2 = fǫ(m1)ǫ(S(m3)) ⊲⊳ m2 = f ⊲⊳ m. 
Recall that a Hopf algebra A is called an abelian extension if there
is an exact sequence of Hopf algebras
(5.1) k → kG → A
pi
−→ kF → k
for some finite groups G and F . Next it will be shown that the Drinfeld
double of an abelian extension is also an abelian extension. Note that in
[19, Theorem 1.3] in order to show that Rep(D(A)) is group-theoretical
it is shown that the Drinfeld double of an abelian extension is an R-
twist of a twisted Drinfeld double Dω(Σ) for sum finite group Σ.
Theorem 5.4. If A is an abelian extension then D(A) is also an
abelian extension.
Proof. Suppose as above that A is obtained as an abelian extension:
k → kG → A
pi
−→ kF → k
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for some finite groups G and F . Then B(kG, kG) is a normal Hopf
subalgebra of D(A). Indeed note that (A//kG)∗ ∼= kF is also a com-
mutative Hopf subalgebra of A∗. One has the following extension
(5.2) k → B(kG, kG)→ D(A)
δ
−→ B → k
where B := D(A)//B(kG, kG) and δ is the canonical Hopf projection.
Note that B(kG, kG) = (kF )cop ⊲⊳ kG as a Hopf subalgebra of D(A).
Moreover since B(kG, kG) is commutative by Lemma 5.3 it follows that
B(kG, kG) = kF
op×G .
On the other hand by Proposition 4.7 one has thatD(A)//B(K,K) ∼=
kG ⊲⊳ kF is a bicrossed product Hopf algebras. Since both kG and kF
are pointed it follows that their bicrossed product is also pointed and
therefore a group algebra kM . 
The group M from above is obtained as an exact factorization of
the groups G and F . Therefore M = G ⊲⊳ F . In Theorem 6.1 from
Appendix we give a complete description of the group structure of M .
As expected, it will be shown that M is isomorphic to the group Σ
from [19, Theorem 1.3].
Theorem 5.5. Any normal Hopf subalgebra of D(A) with trivial in-
tersections with A and A∗ is a group algebra which is central in D(A).
Proof. Let H be a Hopf subalgebra of D(A) with H ∩ A = k and
H ∩A∗ = k. Then L1 = A and L2 = k. Therefore using the notations
from Theorem 3.4 it follows that G is a subgroup of G(A∗)∩G(A) and
(5.3) H =
⊕
x∈G
kfx ⊲⊳ kgx.
Since H is a normal Hopf subalgebra of A it follows that ΛH is a
central element of D(A). Therefore ΛH =
∑
x∈G fx ⊲⊳ gx is central in
D(A). Note that the condition fΛH = ΛHf implies that
∑
x∈G
ffx ⊲⊳ gx =
∑
x∈G
fxf(g
−1
x ?gx) ⊲⊳ gx
which shows that fx ⊲⊳ gx commutes to any element f ∈ A
∗. Similarly
fx ⊲⊳ gx commutes to any element a ∈ A and therefore this is a central
element of D(A). 
Proposition 5.6. Any normal Hopf subalgebra of D(A) containing A
is of the type (A//L)∗ ⊲⊳ A with L ⊆ K(A). By duality any normal
Hopf subalgebra of D(A) containing A∗ is of the type A∗ ⊲⊳ K with K
a normal Hopf subalgebra of A such that (A/K)∗ ⊆ K(A∗).
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Proof. If A ⊆ H := B(L1, L2, G) then L2 = A and therefore G = 1.
Thus H = (A//L1)
∗ ⊲⊳ A and the condition [L1, A] = k implies that
L1 ⊆ K(A). 
Corollary 5.7. If A is a simple Hopf algebra then any normal Hopf
subalgebra of D(A) is a central group algebra.
Proof. Since A is a simple Hopf algebra it follows that also A∗ is a
simple Hopf algebra. Thus any Hopf subalgebra of D(A) has trivial
intersections with A and A∗ and therefore this is a central group algebra
by Theorem (5.5). 
Proposition 5.8. Any minimal normal Hopf subalgebra of D(A) is of
one of the following types:
(1) B(K,L) for a pair of normal Hopf subalgebras of A satisfying
[K,L] = k and [(A//K)∗, (A//L)∗] = k.
(2) A central group subalgebra of D(A).
Proof. Let B(K,L,G) be a minimal normal Hopf subalgebra of D(A).
By Corollary 4.6 it follows that B(K,L) ⊆ B(K,L,G) is also a normal
Hopf subalgebra of D(A). Therefore if B(K,L) 6= B(K,L,G) then
B(K,L) = k which implies that K = A and L = k. It follows by
Equation (3.5) that B(K,L,G) has trivial intersections with A and
A∗. Thus by Theorem 5.5 it follows that B(K,L,G) is a central group
subalgebra of A∗. 
Proposition 5.9. If A ∼= K ⊗ L as Hopf algebras then D(A) ∼=
B(K,L)⊗B(L,K) as Hopf algebras.
Proof. It is easy to see that A∗ ∼= (A//K)∗⊗(A//L)∗ as Hopf algebras.
Then clearly B(K,L) and B(L,K) are normal Hopf subalgebras of
D(A). Morever B(K,L)∩B(L,K) = k and B(K,L)B(L,K) = D(A).
It follows by [5, Theorem 2.5] that D(A) ∼= B(K,L)⊗B(L,K) as Hopf
algebras. 
6. Appendix: Drinfeld doubles of abelian extensions
6.1. Abelian extensions. Let Σ = FG be an an exact factorization
of finite groups. This gives a right action  : G× F → G of F on the
set G, and a left action  : G × F → F of G on the set F subject to
the following two conditions:
(6.1) s xy = (s x)((s  x)  y) st x = (s (t x))(t x)
The actions  and  are determined inside the group Σ by the
following relation
(6.2) gx = (g  x)(g  x)
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for all x ∈ F , g ∈ G. Note that 1x = x and s1 = s. The quadruple
(G,F,,) is also called a matched pair of groups.
Consider the Hopf algebra A = kG τ#σ kF from [16] which is a
crossed product and coproduct formed using the above two actions.
Recall that the structure of A is given by:
(6.3) (pg#x)(ph#y) = δgx,hσg(x, y)pg#xy
(6.4) ∆(pg#x) =
∑
st=g
ps#(t  x)⊗ τx(s, t)pt#x
where pg ∈ k
G is is the dual basis to the group element basis of kG.
Without loss of generality we may suppose that τx(g, g
−1) = 1 =
σg(x, x
−1) for all g ∈ G and x ∈ F (see [10, Lemma 3.6]). Moreover in
this case the antipode of A is given by
(6.5) S(pg#x) = (g  x)
−1pg−1 = p(gx)−1#(g  x)
−1.
Recall that here σ : F → F × kG is a normalized two cocyle written as
σ(x, y) :=
∑
g∈G σg(x, y)pg Similarly, τ : G × G → k
F is a normalized
two cocyle written as τ(g, h) := τx(g, h)qx where qx ∈ k
F is the dual
basis to the group element basis of kF .
Then the Hopf algebra A from above fits into the abelian extension
(6.6) k −−−→ kG
i
−−−→ A
pi
−−−→ kF −−−→ k.
Note that under the identification A = kG τ#σkF one has that
π(pg#x) = δg,1x and i(pg) = pg#1. This induces an isomorphism
A//kG −→ kG via pa ⊗ x 7→ δa,1x.
Moreover, as it is shown in [16] any abelian Hopf algebras fitting an
exact sequence as in Equation (6.6) is of the form presented above.
6.2. Dual Hopf algebra of an abelian extension. The dual Hopf
algebra A∗ fits the exact sequence
(6.7) k −−−→ kF
pi∗
−−−→ A
i∗
−−−→ kG −−−→ k
which shows that this is also an abelian extension.
Under the obvious identification A∗ ∼= kF σ
∗
#τ∗ kG it can be shown
that
(6.8) (qx ⊗ a)(qy ⊗ b) = δx,byτy(a, b)qy#ab
(6.9) ∆(qx ⊗ a) =
∑
uv=x
(qu ⊗ a)⊗ (σa(u, v)qv ⊗ (a  u)).
Note that A∗//kF
∼=
−→ kG via qx ⊗ a 7→ δx,1a
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6.3. On the Drinfeld double of abelian extensions. In this sub-
section we describe the group M = G ⊲⊳ F from the proof of Theorem
5.4. More precisely we prove the following:
Theorem 6.1. Suppose that A is an abelian extension fitting the exact
sequence of Equation (6.6). Then D(A) fits the following exact sequence
(6.10) k → kF
op×G → D(A)
δ
−→ k(G ⊲⊳ F )→ k
where the factorization of G ⊲⊳ F is given via the actions x  a =
(a−1  x−1)−1 and x  a = (a−1  x−1)−1 for all a ∈ G and x ∈ F .
For shortness of writing, for any f ∈ A∗ and any a, b ∈ A in the proof
below we denote the linear functional b ⇀ f ↼ a ∈ A∗ by f(a?b). Note
that f(a?b)(x) = f(axb) for all x ∈ A.
Proof. Since Gop ⊲⊳ F is an exact factorization of groups it follows that
xa = (x  a)(a x) for some matched pair of groups on Gop and F .
One has that D(A) ∼= A∗ ⊲⊳ A as vector spaces and the canonical
projection
(6.11) D(A)
δ
−→ k(Gop ⊲⊳ F )
from Theorem 5.4 is given by qx ⊗ b ⊲⊳ pa#y 7→ δx,1δa,1b ⊲⊳ y. Note
that inside the quotient k(Gop ⊲⊳ F ) one has xa = δ((p1#x)(q1 ⊗ a)).
On the other hand inside D(A) it follows
(p1#x)(q1 ⊗ a) = < q1 ⊗ a, S(p1#x)3?(p1#x)1 > (p1#x)2
Note that since we assumed τx(s, s
−1) = 1 by Equation (6.4) one has
∆2(p1#x) =
∑
s∈G
(ps#(s
−1
 x))⊗∆(ps−1#x)
=
∑
m,n∈G
(p(mn)−1#(mn  x)⊗ (pm#(n  x))⊗ τx(m,n)(pn#x).
This implies that
(p1#x)(q1 ⊗ a) = < q1 ⊗ a, S(p1#x)3?(p1#x)1 > (p1#x)2
=
∑
m,n∈G
< q1 ⊗ a, S(pn#x)τx(m,n)?(p(mn)−1#(mn  x)) >⊲⊳
⊲⊳ (pm#(n  x)).
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It follows that
δ((p1#x)(q1 ⊗ a)) =
∑
m,n∈G
δ(< q1 ⊗ a, S(pn#x)?(p(mn)−1#(mn x)) >)×
× δ((pm#(n x)))
=
∑
n∈G
δ(< q1 ⊗ a, S(pn#x)?(pn−1#(n  x)) >)(n  x)
Denote by fnx,a :=< q1 ⊗ a, S(pn#x)?(p(mn)−1#(mn  x)) > ∈ A
∗.
Therefore the above formula can be written as
xa = δ((p1#x)(q1 ⊗ a)) =
∑
n∈G
δ(fnx,a)(n x)(6.12)
Note that for any f ∈ A∗ one has
(6.13) f =
∑
g∈G, x∈F
f(pb#x)(qx ⊗ b).
Therefore π(f) =
∑
b∈G f(pb#1)b. For f
n
x,a it follows that
π(fnx,a) =
∑
b∈G
fnx,a(pb#1)b
= < q1 ⊗ a, (S(pn#x))(pb#1)(pn−1#(n  x)) > b
= < q1 ⊗ a, (n  x)
−1pn−1#(n  x) > n
−1
= δb,n−1 < q1 ⊗ a, pn−1(nx)#1 > n
−1
= < q1 ⊗ a, p(nx)−1#1 > n
−1
= δa,(nx)−1n
−1 = δa−1,(nx)n
−1 = δa−1x−1,n(a
−1
 x−1)−1
Thus Equation (6.12) implies
(6.14) xa =
∑
n∈G
δ(fnx,a)(n  x) = (a
−1
 x−1)−1((a−1  x−1)  x)
This implies that x  a = (a−1  x−1)−1 and x  a = (a−1  x−1)  x
It follows from Equation (6.1) that (a−1  x−1)  x = (a−1  x−1)−1.
Thus x a = (a−1  x−1)−1. 
Remark 6.2. It follows that M ∼= Σ by the map (a, x) 7→ (x, a) since
from Equation 6.2 the multiplication inside Σ verifies xa = (a−1x−1)−1 =
(a−1  x−1)−1(a−1  x−1)−1 for all a ∈ G and all x ∈ F .
References
1. B. Bakalov and A. Jr. Kirillov, Lectures on Tensor categories and modular
functors, vol. 21, Univ. Lect. Ser., Amer. Math. Soc, Providence, RI, 2001.
2. A. Bruguiers and S. Burciu, Normal tensor functors and double cosets of fusion
categories, arXiv:1203.5491 (2012).
SEMISIMPLE HOPF ALGEBRAS 23
3. A. Bruguiers and S. Natale, Exact sequences of tensor categories, Int. Math.
Res. Not. 24 (2011), 5644–5705.
4. S. Burciu, Normal Hopf subalgebras of semisimple Hopf Algebras, Proc. Amer.
Math. Soc. 137 (2009), no. 12, 3969–3979.
5. , On complements and the factorization problem of Hopf algebras, Cent.
Eur. J. Math. 9 (2011), no. 4, 905–914.
6. , Kernels of representations of Drinfeld doubles of finite groups, to ap-
pear Cent. Eur. J. Math. (2012).
7. V. G. Drinfeld, S. Gelaki, D. Nikshych, and V. Ostrik, Towards a group-
theoretical description of nilpotent braided fusion categories, (2009).
8. P. Etingof, D. Nikshych, and V. Ostrik, On fusion categories, Annals of Math-
ematics 162 (2005), 581–642.
9. S. Gelaki and D. Nikshych, Nilpotent fusion categories, Adv. Math 217 (2008),
1053–1071.
10. G. Karpilovsky, Character theory of finite groups, vol. 94, Pure and Applied
Mathematics, Marcel Dekker, New York, 1985.
11. C. Kassel, Quantum groups, Springer Verlag, 1995.
12. R. G. Larson, Characters of Hopf algebras, J. Alg 17 (1971), 352–368.
13. R. G. Larson and D. E. Radford, Finite-dimensional cosemisimple Hopf algebras
in characteristic 0 are semisimple, J. Alg. 117 (1988), no. 2, 267– 289.
14. S. Majid, Foundations of quantum groups theory, vol. 69, Cambridge University
Press,, 1995.
15. A. Masuoka, Semisimple Hopf algebras of dimension 2p, Comm. Alg 23 (1995),
no. 5, 1931–1940.
16. , Extensions of Hopf algebras, Trabajos de Matemtica 9 (1999), 1–30.
17. S. Montgomery, Hopf algebras and their actions on rings, vol. 82, CBMS Re-
gional Conference Series in Mathematics, Amer. Math. Soc, Providence, RI,
1993.
18. S. Montgomery and S. Witherspoon, Irreducible Representations of Crossed
Products, J. Pure and Appl. Alg. 111 (1988), 381–395.
19. S. Natale, On group theoretical Hopf algebras and exact factorizations of finite
groups, J. Algebra 270 (2003), 199–211.
20. , Faithful simple objects, orders and gradings of fusion categories,
arXiv:1110.1686 (2011).
21. W. D. Nichols and M. B. Richmond, The Grothendieck group of a Hopf algebra,
J. Pure Appl. Alg. 106 (1996), 297–306.
22. D. S. Passman and D. Quinn, Burnside’s theorem for Hopf algebras, Proc. Am.
Math. Soc 123 (1995), 327–333.
23. D. E. Radford, Minimal quasitriangular Hopf algebras, J. Alg. 157 (1993),
2857– 315.
24. K. A. Ribet, Galois Action on Division Points of Abelian Varieties with Real
Multiplications, Amer. J. Math. 98 (1976), no. 3, 751–804.
25. Y. Zhu, Hopf algebras of prime dimension., Int. Math. Res. Not. 1 (1994),
53–59.
Inst. of Math. “Simion Stoilow” of the Romanian Academy P.O. Box
1-764, RO-014700, Bucharest, Romania
E-mail address : sebastian.burciu@imar.ro, smburciu@gmail.com
